Abstract. As it is well known, the parabolic-elliptic Keller-Segel system of chemotaxis on the plane has global-in-time regular nonnegative solutions with total mass below the critical value 8π. Solutions with mass above 8π blow up in a finite time. We show that the case of the parabolic-parabolic Keller-Segel is different: each mass may lead to a global-in-time-solution, even if the initial data is a finite signed measure. These solutions need not be unique, even if we limit ourselves to nonnegative solutions.
Introduction
We consider in this paper the simplest doubly parabolic version of the Keller-Segel model of chemotaxis u t = ∇ · (∇u − u∇v), x ∈ R 2 , t > 0, (1) τ v t = ∆v − γv + u, x ∈ R 2 , t > 0, (2) where u denotes the density of a population and v -the density of a chemical, called chemoattractant, which is secreted by the microorganisms and makes them to attract themselves. The equations are supplemented with the initial data (3) u(·, 0) = u 0 , v(·, 0) = 0, which we suppose to be a finite Radon measure u 0 ∈ M(R 2 ). We choose v(x, 0) = 0 for simplicity, however, the analogous computations could be done with every sufficiently regular v(x, 0). Here, the constant parameter τ > 0 is related to the diffusion rate of the chemical, and usually in applications τ is small since the chemoattractant diffuses much faster than the population. We are interested, however, in It is well known that mass M = u(x, t) dx is conserved for solutions of (1)- (3) . Moreover, positivity of the initial data is preserved during the evolution: u(x, t) ≥ 0, v(x, t) ≥ 0, see the references listed below. However, we will consider in the sequel solutions of arbitrary sign, and thus, we will not use that positivity-preserving property.
The limit case τ = 0 is called the parabolic-elliptic Keller-Segel model, and has been much more studied than the doubly parabolic one with τ > 0. For the relations between those two systems as τ ց 0, see, e.g., [17] , [5] and [14] .
Let us first recall that in the parabolic-elliptic case (τ = 0) the existence of solutions of (1)-(2) has been studied in, e.g., [2] , [18] , [13] , [1] . In particular, for M > 8π, the corresponding nonnegative solution cannot be global in time. Moreover, measures as initial conditions with atoms bigger than 8π were obstructions even for the local-in-time existence of solutions. Self-similar asymptotics for M < 8π has been proved in [9] , and asymptotics at the critical value M = 8π has been considered in [7] (the radial case) and [8] (the general case). Continuation past blowup time was the topic of [4] (the radial case) and [11] (the general case).
In the following theorem, which is the main result of this note, we show that one should not expect any critical mass determining the existence of solutions to parabolic-parabolic Keller-Segel model (1)-(3) with sufficiently large τ > 0.
). This is a classical solution of the system (1)- (2) for t > 0, and satisfies (4) sup
Theorem 1 improves results for the parabolic-parabolic Keller-Segel model (τ > 0) in [3] , [10] and [15] , where the global existence of solutions for M < 8π on the whole plane has been considered. Self-similar solutions with large masses (above 8π) have been constructed in [6] . Blowup of radially symmetric solutions in balls is a very recent result, [16] . On the other hand, there exist large (unstable) stationary solutions in balls, see [3, Ch. 6] .
All those results show that, unlike the parabolic-elliptic case, there is no threshold value of mass for the local existence of solutions as well as for the global-in-time existence.
Remark 2. In general, solutions of the Cauchy problem (1)-(3) constructed in Theorem 1 need not be unique. This striking property is seen when we consider certain radially symmetric nonnegative selfsimilar solutions for the system (1)-(2) with γ = 0 -which are of the scaling invariant form
for some functions U, V of one variable. They have been constructed using ODE methods in [6] and they correspond to the initial data u 0 = Mδ 0 , v 0 = 0, with the Dirac measure δ 0 . In particular, for 0 < τ ≤ By a standard argument, one may show that it has the self-similar form (5) . On the other hand, by Remark 2, there exists another selfsimilar solution with the same value of M > 8π. This is, to the best of our knowledge, the first nontrivial example of nonuniqueness of mild solutions to a chemotaxis system with measures as initial conditions.
Preliminaries
Let us denote by e t∆ the heat semigroup on R 2 acting as the convolution with the Gauss-Weierstrass kernel G(x, t) = (4πt) −1 exp (−|x| 2 /(4t)) . The standard estimates for the regularization effect and the decay rates for solutions of the heat equation have the following form (6) e t∆ z q ≤ Ct 1/q−1/r z r and (7) ∇e t∆ z q ≤ Ct −1/2+1/q−1/r z r for all 1 ≤ r ≤ q ≤ ∞. Here, · q denotes the usual L q (R 2 ) norm, and C's are generic constants independent of t, u, z, ... , which may, however, vary from line to line. M(R 2 ) denotes the Banach space of finite Radon measures on R 2 with the usual total variation norm, and the weak convergence tested with all continuous compactly supported functions ϕ ∈ C 0 (R 2 ). An immediate consequence of (6) is the bound
Analogously, it is known that the inequality (8) sup
holds true for all µ ∈ M(R 2 ). The mild formulation of system (1)- (2), together with initial conditions (3) is the integral equation (a. k. a. the Duhamel formula)
where the quadratic form B is defined by
with the solution operator of (2)
The existence of solutions of the quadratic equation (9) is established by the usual approach using the contraction argument in a suitable functional space of vector-valued functions. In our case, that space is denoted by
and the norm ||| . ||| p in E p is defined as
Then, we will show that actually u ∈ X where
Remark 3. Note that solutions of the equation u = y 0 + B(u, u) (more general than (9)) in a Banach space (Y, . Y ) provided by that contraction argument (or, equivalently, by the Picard iteration scheme) are locally unique, but they need not be unique in general as Fig. 1 shows for Y = R and for the quadratic equation u = y 0 + ηu 2 with a fixed η > 0 and |y 0 | < 
Proof of the main result
The proof of Theorem 1 is split into two parts. In the first, solutions of (9) are constructed in E p with a fixed p ∈ , 2 . Then, they are shown to attain the initial data in the weak sense, i.e. they belong to
The first part of the proof is based on two lemmata. , then equation (9) has a solution which is unique in the ball of radius 2R in the space E p . Moreover, these solutions depend continuously on the initial data, i.e. |||u −ũ||| p ≤ C|||e
Proof. This is a standard reasoning based on the Banach contraction theorem applied to the operator E p ∋ u → e t∆ u 0 + B(u, u)(t) in the ball of radius 2R in the space E p .
, 2 . The bilinear form B is bounded from E p ×E p into E p :
with a constant η = η(τ ) independent of u, z and γ, such that η(τ ) → 0 as τ → ∞.
Proof. First, we estimate the L q -norm of the linear operator L defined in (11) acting on z ∈ L p (R 2 ) using the estimates (6)- (7) . Assuming that 1 ≤ p ≤ q ≤ ∞, p < ∞, and
we obtain
since − 1 2
Next, we may prove the estimate of the bilinear form B. In the following computations, we fix the exponents p and q to have
so that (1, p) . Consequently, we have
as well as
. Thus, using the inequality (13), we have the following estimate of the bilinear form B < 0 by the last inequality in (14) .
Proof of Theorem 1. Given u 0 ∈ M(R 2 ), by Lemma 5 we may choose τ (u 0 ) so large to have sup
for all τ ≥ τ (u 0 ). Thus, the existence of solutions in E p follows by the application of Lemma 4. Now, using the estimates in Lemma 5 we can interpolate the estimate u ∈ E p for p ∈ 4 3 , 2 to get u ∈ E σ with σ ∈ [1, 2), and next extrapolate this to for any σ ∈ (2, ∞]. Then, a standard reasoning involving parabolic regularization effect for nonhomogeneous heat equation (following e.g. [12, Th. 4 .1]) will show that u(x, t) is smooth on R 2 × (0, ∞). First, for the interpolation argument, let us compute
with the exponent − 1 2
, 2 . This leads to
, and u ∈ E σ with σ ∈ (1, 2) follows from this and u ∈ E p with p < 2 by the interpolation. Here and below, the dependence of constants C on τ is not important, so we skip this.
Then for the extrapolation, given σ ∈ (2, ∞) there exist p and r such that
Applying the proof of Lemma 5 we get for q defined as
Next, we estimate the bilinear form B in L σ as
> −1 and
> −1 as requested in the proof. The above inequalities lead to
The proof in the case p = ∞ is completely analogous. Now, we proceed to the proof that this solution attains the initial data in the weak sense, i.e. this satisfies u ∈ C w ([0, ∞); M(R 2 )). For that purpose first we define for a fixed p ∈ 4 3 , 2 a subspace of
) ∩ E p endowed with the norm u Y = ess sup t>0 u(t) M(R 2 ) + |||u||| p . We will show that Lemma 4 applies to equation (9) in the space Y, i.e. the following estimate
The L 1 estimate (16) together with the bilinear bound for B in the norm of E p established in Lemma 5, and the estimate e t∆ u 0 1 ≤ u 0 1 , show that for fixed u 0 ∈ M(R 2 ) and τ sufficiently large equation (9) has a solution in Y. Next, to prove that the constructed solution is in fact in the space
) ∩ E p ⊂ Y we will show that u(t) ⇀ u(s) as t ց s ≥ 0 in the sense of the weak convergence of measures. For that purpose, we need only to show that B(u, u)(t) ⇀ B(u, u)(s) as t ց s; in particular B(u, u)(t) ⇀ 0 as t → 0. Indeed, the sufficiency of that property is seen from the representation
and from the fact that the heat semigroup is weakly continuous in M(R 2 ): e t∆ u 0 ⇀ e s∆ u 0 as t ց s ≥ 0. Now we write
where
Putting u = z in (16) we get
Since the Gauss-Weierstrass kernel satisfies
with C(t, s) → 0 as t ց s ≥ 0, by t 0 (t − σ) −1/2 σ −1/2 dσ = π and the Lebesgue dominated convergence theorem we arrive at I 1 1 → 0.
Concerning I 2 we note that if s > 0, then by estimates (18) , (7) as t → 0. Since such test functions are dense in C 0 (R 2 ) and B(u, u)(t) 1 are uniformly bounded for t > 0, the weak convergence B(u, u)(t) ⇀ 0 as t → 0 follows.
Remark 6. For a fixed τ and for sufficiently small u 0 M(R 2 ) , the solution of (1)- (3) constructed in the space X is unique. Indeed, the existence of the unique local-in-time solution is proved in the space X T = C w ([0, T ]; M(R 2 )) ∩ {u : (0, T ) → L p (R 2 ) : sup 0<t<T t 1−1/p u(t) p < ∞} for sufficiently small T > 0. For sufficiently small u 0 M(R 2 ) and small T > 0, the right-hand side of equation (9) defines the contraction on a suitably chosen ball {u : sup 0<t<T t 1−1/p u(t) − e t∆ u 0 p ≤ r} so that there is the unique solution u(t) on [0, T ] which is, moreover, close to u 0 and to e t∆ u 0 . Then, solutions of (9) become regular for all t > 0, so that their uniqueness on the whole half-line (0, ∞) is guaranteed by a standard argument, see e.g. [12, Th. 4.5 (ii)].
